THE STRUCTURE OF THE ORBITS AND THEIR LIMIT SETS IN CONTINUOUS FLOWS
N. E. FOLAND 1 # Introduction. If / is a mapping of a product space X x Y into a space Z, then the image of (x,y)eXx Y under / is denoted by xy. A continuous flow j^~ on a metric space X is a continuous mapping / of the product space X x R, where R is the space of real numbers, onto X such that (1) for each r e R, xr is a homeomorphism of X onto X and (2) for each x e X and r,seR, (xr)s = a?(r + s).
For each a el the sets O(x) = {xr \ r e R}, O+(x) = {xr\r ^ 0}, O-(x) -{xr I r ^ 0} are called the orbit, positive semi-orbit and negative semi-orbit of x under ^~, respectively. The orbit O(x) is either (1) a point, (2) a simple closed curve, or (3) a one-to-one and continuous image of R. In general one can not replace (3) by (3') a homeomorphic image of R.
Bebutoff [1] has given necessary and sufficient conditions that the entire collection of orbits of a continuous flow be homeomorphic to a family of parallel lines in Hubert space. In the second section of this paper we solve the simpler problem of describing those points of an arbitrary metric space with orbits homeomorphic to R. These will be the points which are neither positively nor negatively recurrent.
In the last section we discuss the structure of the orbit family of continuous flows on a 2-cell, with special attention being given to the a and ω limit sets of an orbit [5; 6; 7] . The author wishes to acknowledge the referee's assistance in condensing the original paper. A point xe X is said to be periodic under JΓ and J^~ is said to be periodic at x if there is a teR,tΦQ, for which xt = x. If ^ is periodic at a non-rest point x, then the smallest positive number w e R for which #w = x is called the primitive period of #. DEFINITION 
3.
A point x e X is said to be positively (negatively) recurrent under JF if for each ε > 0 there exists a strictly increasing (decreasing) sequence {rj of points of R such that lim^ r 4 = + co(-oo) and /ofari, a?)< ε for all i. THEOREM 
The point x is neither positively nor negatively recurrent if and only if Φ: R->0(x) defined by Φ(t) = xt, teR, is a homeomorphism.
Proof. Since the mapping /: X x R -> X is continuous, it follows that Φ is continuous. Assume that x is neither positively nor negatively recurrent. It follows that x is not periodic and thus Φ is a one-to-one map of R onto O(x). Let {xt { \ i = 1, 2, •} be a sequence of points of 0{x) converging to xt 0 . To prove that Φ~x is continuous it is sufficient to prove that lim^ ί* = ί 0 . If this is not the case, either the sequence {£J contains a subsequence which is unbounded and x is either positively or negatively recurrent or the sequence {£;} contains a subsequence converging to s Φ ί 0 , and a? is a periodic point. We conclude that Φ~x is continuous and Φ is a homeomorphism. Now suppose Φ is a homeomorphism and suppose x is positively recurrent. Then there exists a sequence {t { \ ti e 22, i = 1, 2, •} with lim^oo U -+ co and such that lim^oo xt { -x. But then, since Φ~ι is continuous, Let reR and let h(r) = #£. Then £ is uniquely determined. Let ψ: R-+ R be defined by ψ(r) = ί. Since fe is an onto homeomorphism, is an onto map and ψ is one-to-one. Let φ:R-^O(x) be defined by Φ(t) = xt, te R. Then φ is continuous, onto and one-to-one, and ψ~x -h~λφ and thus ψ~τ is continuous. Now ψ~x is a continuous, one-to-one, onto map of R onto i? and hence is a homeomorphism. Since ψ -hψ' 1 , it follows that Φ is a homeomorphism and from Theorem 1 we infer that x is neither positively nor negatively recurrent.
3 The stucture of the ct*a.nd 0)-limit sets in a continuous flow on a 2-celU Let X be an open or closed 2-cell, that is, a homeomorphic image of the interior of the unit circle or of the unit disk. Let j^b e a continuous flow on X and let A c X be the set of rest points under ^~. We recall the following definition due to Whitney [9] (cf., also, [8] ). 
If x e S, then S is called a iocαϊ section through x.
Whitney [9] (cf., also, [5] ) proved, for the spaces under discussion, that for each xe X -A there is an arc S c X such that S forms a local section of ^ through x. Using this Whitney [9] (cf., also, [5] ) proved the following: The local section S of Lemma 1 divides the interior of the set E into two disjoint subregions. DEFINITION Using Lemma 3 one can construct a very short proof of the following result proved by Bohr and Fenchel ([4] , Vol. II, C38).
If x is a positively or negatively recurrent point of X under r , then x is periodic under ^.
Since the only points of X with orbits not homeomorphic to R are those which are either positively or negatively recurrent, it follows THE STRUCTURE OF THE ORBITS AND THEIR LIMIT 567 that (3) may be replaced by (3') for continuous flows on 2-cell. Thus if xe X, then the orbit O(x) is either a point, a simple closed curve, or a homeomorphic image of R. DEFINITION 6. A point y e X is said to be an ω-limit (a-limit) point of an orbit 0(x) c X if there exists a strictly increasing (decreasing) sequence {rj of points of R such that lim^ r< = +co(-co) and lim^oo xr { = y. The set of all ω-limit (tf-limit) points of an orbit Ό(x) will be denoted by w (x) (a(x) ). 
This is a contradiction of the fact that # e S and y e ω(x) Π a(x).
Hence the theorem is proved.
Throughout the remainder of this section X shall denote a closed 2-cell. Then X contains at least one point a such that a is a rest point under the continuous flow J^" [2] . Thus A Φ 0. Let F denote the family of orbits {O(x) \ x e X -A}. Then each member of F is either an open arc or a simple closed curve. Since X is compact each of the sets ω(x), a{x) for any x e X is a non-null closed and connected subset of X and is the union of points of A and curves of F ; [8] . It follows from a theorem due to Kaplan [5] that ω(x){a(x)) is identical with any nondegenerate periodic orbit contained in ω(x) (a{x)). Thus the set ω(x)(a(x)) is either the union of points of A and open arcs of F or a simple closed curve of F. THEOREM 
Let A be a totally disconnected set. If z is a nonperiodic point in O(x) -0{x), then O(z) is an open arc whose closure, 0{z), is either a closed arc with end-points in A or a simple closed curve consisting of the orbit O(z) together with a point of A.
Proof. The theorem will be proved when it is shown that a)(z) c A and a(z) c A, since each of the sets ω(z), a(z) is connected and A is totally disconnected.
Thus Proof. Consider the sets G{a n ), n = 1, 2, ••-,&. Let G*(a n ) denote the point set union of all open arcs in G(a n ). One can easily show that the point set closure of G*(a n ) is G*(a n ) U a n and that G*(a,i) Π G*(α y ) = 0 for α, Φ α y . The set w(x) (a(x)) is connected. By Theorem 4, the orbit of any point in ω(x) -Uί-i G(α w ) (φ) -UίUi G(a n )) is an open arc terminating at distinct points of Un=i ct w . Thus each α* must be joined to some a 5 (i Φ j) by the orbit of some point in o)(x) (a(x)). Clearly, no two a n 's are connected by more than two such arcs. Hence, w(x) (a(x)) contains only a finite number of arcs joining distinct α n 's. Thus the theorem is proved.
